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Abstract 

In this paper, a traversable wormhole in the Friedmann-Lemaitre-Robertson-Walker (FLRW) 
model with one extra spacelike compact dimension is studied. We have chosen dynamical com- 
pactification as the evolution of the fifth dimension. In this respect, we study how the existence 
of the extra dimension, affect the behavior of the energy density, the shape function and the scale 
factor. It is shown that the total matter can be non-exotic and the violation of the weak energy 
condition can be avoided. 


1 Introduction 

One of the controversial problems with static traversable wormholes introduced by Morris and Thorne 
(MT) m is the unphysical stress-energy tensor with negative energy density. It is shown that the matter 
supporting this kind of structure violates the physical laws, under which, normal matter behaves. Thus, 
it would be a kind of exotic matter with strange behavior that violates the energy conditions Eli- Since 
then, so many generalizations have been done to build the MT wormhole with normal matter, which, 
does not violate the energy conditions H 021 CD M- The energy conditions of general relativity are 
determined, in order to study the notion of “locally” positive energy densities precisely. The energy 
conditions indicate that various linear combinations of the stress-energy tensor should be positive 
or at least non-negative [9]. The weaker assertion of the energy conditions is the averaged energy 
conditions, which permit localized violation of the energy conditions, in which the energy conditions 
holds when integrating along null or timelike geodesics m • Many attempts have been done in order 
to avoid violation of the energy conditions. In in, entering wormhole in an inflating universe was 
suggested, and it is proven that, the more inflation goes on, the less exotic matter needed to construct 
the wormhole structure. Embedding of the MT wormhole in the FLRW model of the universe is 
investigated in |12j . It is shown that, for normal matters like dust and radiation (with equation of 
state uj = 0 and w = 1/3 respectively) for which, the scale factor is a power function of time, the 
violation of the null energy condition (NEC) can be avoided. A stationary axially symmetric rotating 
wormhole is described in ii, in which, the violation of the energy conditions will be avoided for 
some sets of geodesics entering wormhole. N-dimensional static and evolving Lorentzian wormhole 
solutions with a cosmological constant are obtained in m- 

Toward studying the existence of the wormholes, they have been studied in different alternative 
theories of general relativity [EUIiUIHUIllEolEIlES]- 

Furthermore, the wormhole was discussed from different points of views. For example, the conver¬ 
sion of a wormhole into a black hole or vise versa is discussed by Hayward in new standpoint [23], and 
also Refs. EH [25]. Thermodynamics of wormholes treated in [26] . Gravitational microlensing as an 
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observable effect of wormholes was first proposed by Cramer et.al in (27J. Since then, many authors 
investigated the observable effects of this structure: [281 EH [301 ED [32]. 

Along with, a great deal of interest has been focused on wormholes in higher dimensions, which 
arises from the theories of fundamental physics, such as string theory, supergravity, Kaluza-Klcin 
(KK) [34[ ;35j :3S 

In this paper, we consider a traversable wormhole in a 5-dimensional FLRW spacetime, in which 
the fifth dimension is spacelike and is considered to be compact, on the basis of KK theory. As we 
know, KK theory is one of the first efforts to unify all the forces under one fundamental law. It 
was shown that by the addition of one extra spatial compact dimension which is considered to be 
as small as Planck’s length, gravity and electromagnetism can be unified 1371 [SB]. We have used 
this concept to construct our higher dimensional traversable wormhole. First, we consider dynamical 
compactification as the evolution of the fifth dimension [39] [40]. This assumption will ensure that the 
extra dimension remains compact and non-observable within the growth of the normal dimensions. 
The reason to consider such case is to discuss the following questions: “ if an extra dimension can 
induce a pressure which plays the role of exotic matter needed to support wormhole structure or not?”, 
or “under what conditions these assumptions can avoid the violation of the WEC?”. Secondly, the 
extra dimension is assumed to be static. In both cases, we will show that the WEC can be satisfied 
for the total energy-momentum tensor, if the cosmic matter has: (w > —1/3). The organization of the 
paper is as follows: In Sec. II, the five dimensional cosmological traversable wormhole is introduced. 
The extra dimension is assumed to be compact and its size evolves as an inverse power of the radius of 
our universe. Then we investigate the terms and conditions under which, the wormhole solution does 
not violate the WEC. Finally, we consider the evolution of the fifth dimension to be constant and the 
WEC will be discussed. A discussion of our result is given in section III. 

2 five dimensional cosmological traversable wormhole 

Let us start from the 5-dimensional KK theory with the action 

s = J d 5 xV^gn + s^, (i) 

where 1Z is the Ricci scalar corresponding to the 5-dimensional metric Qij ( i,j = 0,1,..., 4), and S ^ 
is the 5-dimensional matter action. We now use units such that G = 1. The metric element of the 
5-dimensional wormhole in an FLRW universe is given by 

ds 2 = — e 2 q> ^dt 2 + R 2 {t)l - ——ttt + r 2 dfl 2 \ + B 2 (t)dy 2 , (2) 

1 1 _ kr 2 _ M J 

r 

where k denotes the spatial curvature constant with k = —1,0,1 corresponding to a closed, flat and 
open universe, respectively, R is the scale factor for three ordinary spacelike dimensions, B is the scale 
factor for the fifth dimension, which is considered to be spacelike, 4>(r) and b(r) are arbitrary functions 
of the radial coordinate (r), denote the redshift function and the form function, respectively [T]. The 
range of the radial coordinate increases from its minimum value at the wormhole throat ro, to infinity. 
The metric is consisted of two spacetimes: FLRW universe with one extra compact dimension, and the 
static MT traversable wormhole metric. 

A main property of a wormhole is the flare out condition at the throat, which is given by ^ > 0, is 
imposed which will preserve the shape of a traversable wormhole [T|. Furthermore, to have a wormhole 
solution, at the throat, 6(ro) = ro the condition b'(ro) < 1 is imposed. In addition, to have a traversable 
wormhole there must be no event horizon which implies $(r) must be finite everywhere. 
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The Einstein’s field equations for the perfect fluid with the energy-momentum tensor given by Tf = 
diag[—p{t, r),—r(t, r),p(t , r),p(t, r),p y (t, r)], in the case of zero radial tidal force wormhole ($(r) = 0), 
are given by 


„ . . ^ 3 R 2 3 RB 1 

8 n P (t,r) =-T, = ^ + — + w 


3 k - 


(3) 


87t r(t, r) = Tf 


2 R R 2 
~R + R 2 


2 RB B If, b\ 
RB + B + ^\’ + : ^) , 


(4) 


8tt p(t, r) = T[j = - 


2 R R 2 


2 RB 


R + R 2 

+ RB + 

t ;=-{ 

3 R 

3 R 2 

“r h 

h ~W 


B 1 
B + R 2 


k- 


2 r 3 


b' 

2d 2 


~ \ I 3fc H—- 


(5) 

( 6 ) 


Since, p, r, p and p y depend on both r and t, to solve the Einstein field equations, we can choose the 
following Ansatz 


R 2 {t)p(t,r) = R 2 (t)p c (t) + p w (r), 

R 2 (t) T (t,r) = R 2 (t)r c (t) + r w (r), , . 

R 2 (t)p(t, r) = R 2 (t)p c (t) + p w (r), ’ 

R 2 (t)p y (t,r) = R 2 (t)p yc {t) +p Vw (r). 

The subscript c refers to the cosmological part and w refers to the wormhole part. Indeed, this is due 
to the fact that we simply assume the wormhole is small compared to the universe. With the above 
Ansatz, the Einstein field equations and the conservation laws are separated as 


R 2 p c (t) 



RBR 

B 


= -Pwir) + 


b' 

87rr 2 


= 1 , 


( 8 ) 




2 RR + R 2 


2 RBR BR 2 


B 


B 


= - T " ,r) + 8^ =m 


(9) 


R 2 p c (t) 


1 

- A2 2 RBR 

BR 2 1 

, . 1 

' -6 6' ' 

Sit 

2 RR + R 2 H---h 

JD 

B H 

= - Mr) - s 

2r 3 2r 2 


= a, 


( 10 ) 


R 2 Py c (t) + 


87T 


RR+R 2 + k 


lb' 


(ID 


d_ (v >3^ , ( 2 V~t) d 
dt 


3 dt 


—( Ri p) + — l — ( r3 ) f - +r3 ~b ( P + Pv ) - °> 


( 12 ) 


2 

t' + -(t +p) = 0, 
r 


(13) 
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where l, m, a and y are the separation constants independent of both t and r. The second term in 
the equation (11211 . is from the extra dimension which modifies the 4-dimensional energy-momentum 
conservation. As introduced in [39] , we assume for the scale factor of the extra dimension to evolve as 

m = ^r, (14) 

where A is a constant and the parameter n must be positive in order to have dynamical compactification 
and non-observable extra dimension during the evolution of our universe. Thus, as the scale factor of 
our universe increase in size, B shrinks. In addition, we consider a particular solution for which the 
pressure along the fifth dimension vanishes. As the simplest case, one may assume B(t ) to be constant, 
this makes the second term in G2D vanish [391 . 

Now we will focus our attention to the above cases, and investigate the solutions and discuss about 
the conditions needed to have the non-exotic matter maintaining the wormhole in flat universe (k = 0 ). 
To check the WEC, we define the exotic function as proposed in [12] , 

C= ~\pf ' (15) 

Indeed, this term plays an important role in studying the WEC condition. For the static 4-dimensional 
wormhole case £ function, is proportional to b ~^ r , which must be positive or r > p, consequently, is 
exotic matter. In what follows, we investigate the WEC in our 5-dinrensional wormhole. 


2.1 Dynamically compact extra dimension 


In this subsection we consider dynamical compactification for the evolution of the fifth dimension 
introduced in (THl) . Inserting this in equation m, allows us to define an effective pressure P as 


P = ^(2p - t - np - np y ). 

The Einstein’s field equations and the conservation laws for this case are as follows 

1 


P = 


8n 


'R. . R 2 1 . b' 

V" -1 ’ + 1P ( "“ 1) ‘R5 ( 3? ) 


R 2 Pc(t) - 
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I? 2 (l — n) 
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R 2 T c (t)— — RR(2 — n) + R 2 (n 2 — n + 1) 

57T 
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— TVt; 


R 2 p c (t) 


1 

87T 


RR(2 — n) -f R 2 {n 2 — n + 1) 


= ~Pw - tt- 


R 2 p Vc (t) 
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RR + R 2 


= ~Pyu 


b' 
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r 3 f. r r.„ 

~R\ Pc+ R ( 3 _ n )Pc + ~ n Pvc 

(n - 1 )p w — 2 p w + t w + np Vw = (1 — n)l + 2 a — m — ny = q, 


(16) 
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( 21 ) 
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( 23 ) 


t' w + ~( T w +Pw) = 0 . 
r 


For the cosmological principle to be held, we must take the cosmic parts of our equations isotropic so 
T c (t) = —p c (t), which gives m = —a. Regarding to the fact that the cosmic part is just a function 
of t and the wormhole part is a function of r, we take the equations of state for the cosmic part and 
the wormhole part of the energy-momentum tensor as p c (t) = uip c (t) and p w {r) = (3p w (r) respectively. 
Then, using equations (fTBl) and (BUI) in to the equation (OTT) . with the above equation of state for the 
cosmic part, one can easily obtain the cosmic pressure along the extra dimension as 


PyM 



~Pc 

m-n ) 


3w(l — n) + n 2 — 1 


l(n + 1) — 3a — 7 (n — 2) 
{n - 2 )R 2 


(24) 


Substituting p Vc (t) from the above equation into the conservation law equation (1221) . the cosmic energy- 
density becomes 


p c = p 0 ^[- 6w ( ri - 1 )+ 2n2 - 4n + 6 ]/( n - 2 ) 


1 f 2 l{n 2 


R 2 


—6 ui(n 


n + 1 ) — 6 a(n — 1 ) 
- 1 ) + 2 (n 2 — n + 1 ) 


(25) 


where po is the integration constant. Using the similar procedure for the wormhole part, we obtain 


Pw = C\T 


—2(1±M 


1 + 2/3 ' _ 


l -\- 3ck 


v 1 H - 3/3 
t~ w = Pw {1 + 2/3) + l + 3q, 

Pyn, (r) = -Pw -l- 7 - 


(26) 


Taking into account p w obtained from the above equations, together with the equations of state for 
the wormhole part introduced above, into equations (1181) and ( 1201 ) . we obtain for the shape function, 

b(r) = 87 tCi(1 + 2/3)r( w) + ~ a), (27) 


where C\ is the integration constant and other integration constants are set to be zero by the asymptotic 
flatness. The asymptotic flatness condition, oo^p- = 0), implies that /3 < ^, Ci < 0, a = 0 

and 1 = 0. In addition, the argumentations mentioned below equation (1231) . directly results in m = 0. 
The flare-out condition is automatically satisfied with the above restrictions on the constants 


b-b'r\ 

—tf— ) 


P 

4ttCi(1 + 2/3) 2 


r 1 + 1 2/ 3 > 0 . 


(28) 


The above condition is satisfied for the entire range of ro < r < oo. On the other hand, at the throat 
we have b(ro) = ro, this leads us to 


2/3 

8 ^Ci(l + 2/3) = r 0 1+2 U 


(29) 


Hence, the constants (3 and C\ are related to the throat radius ro- Using (B5l) in the equation (1151) . 
one can obtain for the scale factor 


R — Rq 




(30) 


where Rq is the integration constant and t 0 = 3 t U” +2n p 0 . Inserting the equation (1501) 

into (HOb the cosmic energy-density behaves as 

p c ~r 2 . (31) 
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The WEC is satisfied when the following inequalities hold simultaneously 
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1 


87t | p | \R 


1 f 3(1 - n)R 2 
P ~ 8^{ R 2 
R, n R 2 


1 b' , 
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(32) 


—3fR R 2 \ n 

p+p y = 8^{R +n T 2 ^- 0 - 


Substituting equations m and (1271) in the above inequalities, lead to 

' + 8^ir _2 (TT§f) > 0, 


c = 


87T 


3(1 — n)t 2 
P= -87T- 
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The first inequality holds with n < 1, when C\ at the throat have the value of 


n — \ ,Rq. 2 


-a- ± i i. 0 

Gl - 7^(77( 


n — 2 


.if t 


r>( 1 + 3 0 \ 

Z \TT 2 F) 


(34) 


This means, that the WEC will be satisfied within the interval ro < r < oo. Now, by inserting 
equations (134)) and (129)) in the second inequality of the equation (l33l) . it is also satisfied within the 
above mentioned interval for the radial coordinate, if only we have to > — 1, in constant time to- 

In order to see whether the WEC is satisfied we have to check the third inequality of the equation 
(1531) . It is held if 

1 „ 3w +1. 

—-<w<0, (0 < n < —-—), 

^ 1 1 

< 0 < w < -, (0 <n< -), (35) 

1 d 

w>-, (0 < n < 1). 

Figure [I] better illustrates the third inequality of the equation (1551) . plotted with constant time 1 0 = 1. 
The figure shows that, for 0 < n < 1, oj covers -y- < u> < 1. So all the above inequalities are satisfied 
simultaneously for n < 1 and u> > —1/3. Obviously, in this case, it is possible to avoid the violation of 
the WEC. 

Now, as a particular solution, let us examine the case where the pressure of the fifth dimension is 
taken to be zero. By putting the pressure along the extra dimension p y , equal to zero in the equation 
m , the shape function can be found 


b(r) = -87T7y + c', (36) 

where d is the integration constant. Using equation (1551) into the equations (fl8l) . (fl9l) and (f2Ql) . we 
obtain for the wormhole part 


Pw = ~(i + 7)> 
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t w = -m - - 
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Figure 1: The behavior of p + p y > 0 for to = 1 


From the equation (f36| ) . asymptotically flatness condition implies that 7 = 0. Therewith, the shape 
function at the throat reduces to fr(ro) = ro = c'. From the equation (f 2 T|) . the behavior of the scale 
factor can be obtained 


R — =b-\/ 2 D\t + 21^2^ 


(38) 


in which, D\ and D 2 are the integration constants. In this case, the WEC is satisfied if the beneath 
inequalities hold simultaneously 



(39) 



b-b'r 


The first inequality, holds everywhere if < 1. The second term in £ function is the flare out condition, 


which is positive and is equal to -^§ 73 . However, for the second inequality to be held, r should be bigger 


than -— -^- 372 = ro, in constant time to- Accordingly, it is possible to avoid the violation of 


[3D?(l+c)(l- n )] 1/2 u ’ u ’ K 

the WEC provided that w > — 1 with n < 1, which supports both normal matter and dark energy. 
But, since the scale factor has the decelerating behavior, as is obvious from the equation (l38l) . this is 
clearly in contrast to the existence of dark energy. Consequently, the WEC condition is satisfied for 
the w > 7 with n < 1. 

2.2 Static extra dimension 

In this subsection, the scale factor of the extra dimension is taken to be constant with time. The 
Einstein’s field equations and the conservation laws for this case are as follows 




(40) 
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2 
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Assuming the cosmological principle is held, we must take the cosmic parts of our equations isotropic 
so T c {t) = —p c {t), which gives m = —a. With the same procedure as in the previous subsection, we 
take the equations of state for the cosmic part and the wormhole part of the energy-momentum tensor 
as Pcit ) = uip c (t) and p w (r) = j3p w {r) respectively. The components of the energy-momentum tensor 
for the cosmic part and the wormhole part, the scale factor and the shape function can be found 

p c = p 0 R - 3(1+ " } + g , n iT 2 , (46) 

(3 w + 1) 


Pyc — Pc 


3w — 1\ 

2 ) 


1 /3a 



(47) 


t w = p w (l + 2/3) + l + 3a, p Vw = -p w - l - 7 , (48) 

b(r) = 8tt(7i(1 + 2 /?)r ( Tw) + (1(3 - a), (49) 

where po and Ci, are the integration constant. The asymptotic flatness condition results in l = 0, 
a = 0, /3 < and C\ < 0. Further, m = 0, according to the discussion mentioned blow equation (H5l) . 
also due to the equation ffll) . it leads to q = 0. It can be easily checked that the flare out condition 
is satisfied with the above mentioned restriction on the constants. In this case, the minimum value of 
the r coordinate, bo at the throat of the wormhole is obtained as 

8tt(7i( 1 + 2/3) = r 0 TW . (50) 

Thus, the constants /3 and Ci, are dependent to the throat radius, through the above equation. Ac¬ 
cordingly, the solution of the scale factor is 

( t \ 3 (!+“) 

R = R 0 (-\ , (51) 

where Rq is the integration constant and to = J ^pPo- 
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The WEC requires 
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(53) 


It is interesting to note that the first inequality holds within the interval rg < r < oo, for the C\ to be 


r _ PO p—(1+3 oj)^ 2 (tt^) 

6l “ "87^° r ° 


(54) 


Using equations m and HMD , the second inequality of (l53ll is also satisfied with w > — 1. However 
the third inequality of (1551) is held for u > —1/3. Clearly, it is possible for the cosmic matter to avoid 
the violation of the WEC, if ui > —1/3. 


3 Conclusion 

In this paper, we have considered a traversable wormhole in a 5-dimensional flat FLRW spacetime. 
The extra dimension is considered to be spacelike and compact on the basis of the KK theory. Since 
in static wormholes the energy conditions are violated, the wormholes in the FLRW spacetime are 
being studied, which found the total matter can be non-exotic JT2]. In this regard, the existence of 
an extra dimension may help to have wormhole solution, that respect the energy conditions. The 
Einstein field equations of the 5-dimensional KK theory, for the perfect fluid in the case of a zero radial 
tidal force wormhole are obtained. We suppose that the wormhole size is very small compared to the 
universe. This lets us to decompose the energy-momentum tensor of the 5-dinrensional perfect fluid, 
to the cosmic part and the wormhole part. Then, to solve the Einstein equation, we consider two cases 
of dynamically compactification for the evolution of the extra dimension introduced in [39], and the 
static the extra dimension. As a particular solution, we dealt with the dynamically compact extra 
dimension with vanishing component of the pressure along extra dimension. The WEC is investigated 
within the mentioned cases. It is shown that the total matter supporting a 5-dimensional traversable 
wormhole in the flat FLRW universe can be non-exotic provided that, for the equation of state to be 
cc > for the above cases. 
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